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We develop the dynamics of the chiral superconducting membranes (with null cur- 
rent) in an alternative geometrical approach. Besides of this, we show the equivalence 
of the resulting description to the one known Dirac-Nambu-Goto (DNG) case. Inte- 
grability for chiral string model is obtained using a proposed light-cone gauge. In a 
similar way, domain walls are integrated by means of a simple ansatz. 
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I. INTRODUCTION 



It is believed that cosmic strings are fundamental bridges in the understanding of the Universe 
formation due to that several cosmological phenomena can be described by means of the cosmic strings 
properties. Besides of these there are other kinds of cosmic objects possesing different properties of 
those inherited to ordinary cosmic strings, for example: domain walls, hybrid structures like domain 
walls bounded by strings and so forth, . They can arise in several Grand Unified Theories whenever 
exist an appropriate symmetry breaking scheme. However, there is other class of cosmological objects 
that can emerge with the ability to carry some sort of charge. For instance, as was suggested by 
Witten Q in the middle of the eighties, cosmic strings could behave like superconductors. 

Since that time the vast research on superconducting strings has thrown a new variety of cosmic 
objects. The cosmology resulting of supersymmetric theories (SUSY) was also considered yielding to 
other class of cosmic strings, namely chiral cosmic strings. These objects are the result of a symmetry 
breaking in SUSY where a U(l) symmetry is broken with a Fayet-Iliopoulos D term, turning out a 
sole fermion zero mode traveling in only one direction in the string core ||. In other words, when 
the current along the superconducting string shows a light-like causal structure then we have a chiral 
string. Carter and Peter [Q have made an exhaustive study of this kind of cosmic strings and a few 
time later on it has been continued by other authors |^.^| . 

The purpose of this contribution is extend in an alternative geometrical way the dynamical results 
for chiral strings reported in ^|,|5| using a Kaluza-Klein (KK) reduction mechanism [|7j and following 
closely the variational techniques developed in Bearing in mind the KK idea, and assuming our 
original background spacetime to be 4-dimensional, the generalization to higher dimensional objects 
(membranes) tracing out worldsheets is possible. From this assumption we found that the dynamics 
of the chiral membranes resemble to a 5-dimensional DNG case. We describe now our membrane with 
an extended embedding. This description has the advantadge of treat the new membrane on the same 
footing as an ordinary DNG membrane. It is often the case that while an existing theory admits a 
number of equivalent descriptions, one of them suggets generalizations and simplicities more readily 
than others. It is our goal. 

The equations of motion are a generalization of those of DNG type, i.e., the motion of the chiral 
membranes looks like minimal surfaces in a KK space but subject to a particular condition. In 
addition, we have the current conservation on the membrane which emerges as the remain equation 
of motion for the extra variable. 

The note is organized as follows: In section 2 we develop the essential mathematical features to 
describe the superconducting chiral membranes. This is done by exploting the theory of deformations 
achieved in In section 3, we present a simplified version for the dynamics of chiral extended 
objects, in contrast with others approachs. In section 4 we specialize to the chiral string model. We 
found a new method of integrability for chiral string model using a light-cone gauge. In section 5 we 
found integrability for a simple chiral domain wall model. Finally, we give some conclusions. 



II. GEOMETRY FOR CHIRAL MEMBRANES 



In this section we describe both the intrinsic and extrinsic geometry for chiral membranes, i.e., 
possesing null currents on the worldsheet (lu — r y ab <p . a 4> ,b — 0), based in the Kaluza-Klein approach 
achieved in . The present development is close to the conceptual framework made in || . To begin 
with, we consider a relativistic membrane of dimension d, whose worldsheet {m, T a b} is an oriented 
timelike d+l-dimensional manifold, embedded in a 5-dimensional extended arbitrary fixed background 
spacetime {M., gp,»}, jl = 0, 1, 4. We shall describe the worldsheet by the extended embedding 
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where is a field living on the worldsheet m; a,b = 0,1,2, and £ a are coordinates on the world- 
sheet. With the former embedding, we can make contact with the Kaluza-Klein description for the 
background space-time metric 

_ ( 9»u 
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where g^ is the metric of the original background spacetime, and 344 is a constant. The tangent basis 
for the worldsheet is defined by e a := X&^dp, = e^ a dp, where the prime denotes partial derivative 
with respect to the coordinates £ a . The tangent vectors e^a, associated with the embedding ([!]), can 
be written as 

(3) 

The metric induced on m is given by r ab = g fJ ,ye fl a e u b = 7 ah + gu4>,a<t>,b , where -/ ab = g lll/ e ti a e v b is 
the standard metric for the worldsheet without the field (j>. The normal basis for the worldsheet is 
denoted by rfi 1 which is intrinsically defined by 

g-^n* 3 = S IJ , g fi pn^e" a = 0, (4) 

where I, J = 1, 2, N — d. We can write explicitly the complete orthonormal basis, which we label 



as rv 



Hi 



{n/ 1 1 , ( 4 ) } as follows, 



J ' n =Vm I _ g u ) , (5) 



where we have assumed that n^ 1 satisfy g '" q 'n v 'i = , and i take the values i = 1, 4 — d. One 
of the more important quantities determining the extrinsic geometry is the extrinsic curvature K^ b 
along the normal basis is defined as 

K{ h = -n^D a e% . (6) 

where D a :— e^aD^ is the gradient along the tangential basis, and is the covariant derivative 
compatible with g^. The last expression can be splitted as follows: i) For / = t we have, K l ab = 
—n^Dae^b which is the well known expression for the extrinsic curvature for the worldsheet of the 

membrane B, and ii) for 1 = 4, — ^544 V V&^, where V a is the covariant derivative compatible 
with 7 a b. The index (4) denotes the direction along the normal n 



M(4) 



III. CHIRAL MEMBRANE DYNAMICS 



In this section we will show the equivalence between the chiral membrane dynamics and the DNG 
dynamics in an extended background spacetime plus a chirality condition. The starting point to discuss 
the dynamics of chiral membranes is the DNG like action which is invariant under reparametrizations 
of the worldsheet m, 

S = -Mo / d d+1 ZV^T, (7) 

J m 

where T is the determinant of the induced metric (j^) from the spacetime by the embedding (|l|), and 
/zo is a constant. The determinant is straightforward computed and given by T = 7 (1 + 544 uj), where 
7 is the determinant of the old induced metric on the worldsheet, "f a b- The action (R) turn into 



2 



J m 



(8) 



Observe that the resulting action from the DNG like action (Q), is the one for superconducting strings 
involving the Nielsen model, where C(u>) = \/l + 344 ui, 0. In other words, the superconducting string 
theory with the Nielsen model is equivalent to DNG like action (Q). 

An important issue that deserve attention is that of the equations of motion which are already known 
. We want rebound here the geometrical framework introduced in section 2 in the attainment of 
chiral membrane dynamics. Using similar variational techniques to that developed in [@] we can get 
the equations of motion from the action (Q) . It is worthy to mention that this method is very graceful 
because rebound the geometrical nature of the worldsheet. The variation of the action (0) gives 

ss = -mo/ d d+1 ^^rr ab 5r ab = -vo f d rf+1 eV=rr ab ^ i ,$ J = o , 

J m ^ J m 

where we have considered only normal deformations to the worldsheetQ are the deformation normal 
vector fields and r ab is the inverse metric of r a ;, given by r ab = ^ ab — g 44 V a 0V b 0. We can immediately 
read the equations of motion 

fi T ab Ki b = . (9) 

Let is worth noticing the similarity of these equations with those ones arising for minimal surfaces, 
namely, l ab K l ab — K l = 0, JsJ - In fact, in our description r ab play the role of a metric. Let us now 
decode the several cases involve in the Eq. (||). a) I = i. The equations of motion take the form, 

M o7 afc ^ fc -Mo<?44V a 0V b ^ b = O. (10) 

On other hand, in the generic superconducting membranes picture, the strees-energy-momentum 
tensor adquires the form T a b — £(w)7 Q ;, — 2 (dC/dcu) V a 0Vh0, where C(oj) is a function of u>, depending 
on the particular models p~C| ] . When the chiral current limit is taken into account, the quantities C(lo) 
and dC/dui, adquire constant values. If we define 344 := 2(d£/dLu)\ UJ =o and fio — £(t£)| w= o, we can 
identify the Eq. (|Io|) with the standard equations of motion, namely: T ab K l ab = 0, |foj. b) I = (4). 
In this case we have now directly, 

r Qb ^ 4 b } = 0- v a v>, (11) 

which is a wave equation for (f>, corresponding to a conserved current carrying onto the worldsheet for 
chiral currents. 



IV. CHIRAL STRING MODEL 



We specialize now to the case of chiral strings. We illustrate the chiral string model from a La- 
grangian point of view. 

The presence of the gauge symmetry in a field theory means that not all of the field components, 
XP , {Sf L ), are dynamical. In our case, the reparameterization invariance allow us to choose a gauge in 
which the dynamical equations are tractable. Due to we have considered a DNG like action, (Q), we 
have the freedom of choice an acceptable gauge condition. Several authors have reported solutions 



"The tangential deformations can be identified with the actions of worldsheet diffeomorphisms so we can 
ignore them since we are interested in quantities invariant under reparameterizations of the worldsheet. These 
tangential deformations are important in the study of composite objects yj9( . 
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for the chiral string model using specific ansatzs [|§ {3|. In this contribution we get a solution for the 
mentioned model using a different gauge. For a review of those solutions using our description, see 
the Ref. Q. 

We consider the light-cone gauge over the spacetime coordinates adapted to our description. It is well 
known that the orthonormal gauge do not fully fix the gauge because there is residual reparametriza- 
tion invariance. A favorite gauge choice that fix the gauge and allow us to solve the constraints is the 
light-cone gauge. This gauge was used by Hoppe in the search for explicit solutions for the classical 
equations of motion of relativistic membranes |T^] . We shall use this orthonormal light-cone gauge in 
the search of integrability for the chiral string model. 

To proceed further, we assume the original background metric to be flat, — V^^i 

with signature 

(— , +, +, +) and the embedding For the KK spacetime we define light-cone coordinates, X + and 
X~, as 



X 




V2 

X = (A 1 , A 2 , A 3 ) 



The light-cone gauge points r along X + , 



= x+ 



p^ 



(12) 

(13) 
(14) 

(15) 



where Xq and P + are constants. The idea is solve for X leaving the X 1 variables, where i = 1, 2, 3. 
Laying hold of the orthonormal light-cone gauge jl^] , 



Tab — 



r rr o 

T AB 



where T a \, is given by (|2|) and A, B = 1, d, besides of \J 
of motion, d a {\[— YY ah X^ ^) = in the set of equations 



(16) 



T , we can simplify the equations 



where we have defined T 



VX^ = 0, 
2P+X~ = X -X + T , 

p+x- tA = x-x A 

det(r j 4s) = — r rT and we have defined the differential operator 

V := -d 2 T + d A {T T AB 8 B ). 

The Eq. ( |i~7| ) represents the equations of motion in this gauge, ( |l8| ) and ( |l9| ) are the constraints 
relations for the system. Deriving with respect to r the Eq. (|lq), we can rewrite it as P + VX~ = 

X ■ VX- so if 

Pi = 0, (21) 



(17) 
(18) 
(19) 

(20) 



we get the condition DX~ = 0, which we can observe from (|17|). Thus, we have reduced the problem 
to solve the set (fl8|), ( fl9| ) and (pl|). So far the results are general for minimal surfaces of arbitrary 
dimension. Now we specialize to the case of chiral strings. In order to get integrability for the chiral 
string model, besides of Eqs. Jlg|), ( p^ ) and (pi]), the condition oj = must be considered. Using the 
stringy notation^, the appropiate expressions are 



^As is well known, in such case the worldsheet is parametrized by the coordinates £° 
symbols ' and ' denote partial derivatives with respect to £° and respectively. 



t and t 1 = a. The 
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Tab ={ \ X x>°x>) ' (22) 

with T TT = — T acr . The equations of motion ( f2l| ) transform in the wave equation: VX = (— <3 2 + 
d 2 )X = —X + X" = 0, whose general solution is given by 

X = a(r + a) + b(r - a) . (23) 
The constraints and ([l9]) adquire the form 

P+X- = \af + \bf, (24) 
P+X-' = |af - \bf , (25) 

where we have used the notation a' and 6' to denote derivatives with respect to their arguments. From 
the Eqs. ( |l2] ) and ( p"3| ) as well as Eq. (|^), we can separate the metric 7 a &, 

(-x'-x'-l(P + -x-f i(p+-x-)x ; '\ 
la "-{ i(p+-x-)x- x'-x'-Ux-') 2 ) ' 1 j 



Now, the chirality condition becomes 



to = 7 ab V a 0V 6 = [(P+ - /) 2 - (X-') 2 ](X' ■ X') = , 



from which is deduced that 

X- =±(P + -X ). (27) 



3+ 



Plugging the Eq. (27) in the constraint (h_9J) we get the conditions that should satisfy a and b in the 



chiral string solution, namely, 

± (p+) 2 = (5' + 6') . [ff - b l ± P+(a' + 6')] . (28) 

Thus, this equation suggest to consider some cases. 
For instance, if we assume P + = 1, we get 

1 = 2(a' + 6') -a', (29) 

which is different for the values for a and b reported in Q . 

It is worthy to mention that the integrability for the last cases was reached in absence of electro- 
magnetic field coupled to superconducting strings. From the equations defining X + , X~ and the 



contraints (04) and (25) we can find the value for <p. Again the vortons states are obtained when 



b l = and in such case a satisfy the relation ±P+ 2 = a' • [a'(l ± P + )]. 



V. CHIRAL DOMAIN WALL MODEL 

In this section applying a similar mechanism to that for conformal gauge chiral string model we get 
integrability for a chiral domain wall model by means of a special ansatz. For such intention, with all 
the former ingredients, we study a worldsheet described by the embedding jjj, 

x»(r,e,e) = ( I ) , (30) 
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where 



X = I f ] . (31) 



Now we can choose a gauge similar to the conformal gauge for strings , as follows 

r -=(o"r° JB ). < 32 > 

where Tab — gp,vX^ ,aX v ,b and T t a — 0. We assume the special form for the embedding (|30|), as 

X = hf+X x (T,e), (33) 

with the conditions on h to be a unit vector and perpendicular to Xj_. So, in this conformal gauge 
we have the constraints 

X x -X± = 0, (34) 

X±-Jt±+X ± -X x = l, (35) 

and the condition \J — V T TT = —1. It is straightforward to demonstrate that f := det(r j 4s) = — r rr . 
In this part of the work, • and ' denote derivatives with respect to r and £ , respectively. 

Assuming to be Minkowski's metric and resting in the constraints (|34|) and (^5|), the induced 
metric T a i, takes the form, 



T a b — 



/-|ij 2 o (i 

o |ij 2 o 
V o oi 



(36) 



According to the standard DNG equations of motion, in our present case the corresponding ones are 
promoted a,s X ± — X ± = 0, whose solutions have the form 

x x = ^(t+e) + \kt-e)- (37) 

Imposition of the chirality for superconducting domain walls, lead us to the relation 

|ix'|V) 2 = ^-^ 2 , (38) 

where n 4 is the four component of the vector h. Furthermore, the constraints ( |34| ) and ( |35| ) read as 
| a' | 2 = 1 and \b'\ 2 = 1, or explicitly they are given by 

|af+.9440' 2 = l, (39) 
\bf+g u fi 2 = l, (40) 

where we have considered the notation a = (a, <p) and b = (b, (/)), i.e., 

l, -( x± = U(t+e)+0-e)\ m 



Plugging (41) in the condition (|38|), the chirality condition is expressed now as 

<f>' f [1 + ff 44 (n 4 ) 2 ] - (n 4 ) 2 (l - a' ■ b') • (42) 

In a similar way as in the chiral string model case, the last equation suggest some cases. For example, 
the solution considering n 4 = and ip — (or = 0), correspond to a straight superconducting 
domain wall with a carrying current arbitrary cross section, but not including current along the £ 2 
direction. 
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VI. CONCLUSIONS 



In this work we have developed the dynamics of chiral membranes using geometrical techniques. 
Using our description we can able of reproduce the results of [^^| in order to show consistency of our 
description. In fact, our scheme is resemble to DNG theory in five dimensions using a Kaluza-Klein 
approach. Integrability for both chiral string model and chiral domain wall model was obtained using 
a simple ansatz. Besides of this description, the Hamiltonian analysis for the chiral model is part of 
an extense work [^TJ. The full physical description is not over yet because a deep understanding of 
integration of equations of motion has not been accompplished. The search of new solutions for the 
case of chiral superconducting membranes is part of a forthcoming paper. 
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